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We call attention to a certain condition (U) on the support of units in group rings and relate 
this property to the semi-simplicity problem. Examples of group rings having property (U) are 
described as well as related conditions on the support of units in group rings. 
Introduction 
In this article we would like to call attention to a certain condition (U) on 
group rings K[G] over fields K. In Section 1 we prove that if the group ring K[G] 
satisfies (U), and char(K) = 0, then K[ G] is semisimple. 
This may be interesting since it is still an open problem for which groups G the 
rational group ring Q[G] is semisimple. From the definition of (U) it is clear that 
K[G] satisfies (U) if G is locally finite or if K[G] has only trivial units. In Section 
2 we prove that if G is abelian and char(K) = 0, then K[G] satisfies (U). We do 
not know any group ring K[G], K a field of characteristic zero, which does not 
have property (U). 
Condition (U) was discovered by considering ultraproducts of group rings, and 
we discuss this connection briefly in Section 3. 
1. Property (U) 
Let K be a field, G a group. Roughly speaking, the group ring K[G] has 
property (U) if the support of the inverse of a unit of K[G] depends only on the 
support of this unit. More precisely: 
(U) 
For each finite set X C G there is a finite set Y(X) C G such 
that for each unit (Y E K[ G]: 
Supp(a) c x j Supp(a -‘) c Y(X). 
Remark. Since Supp(a-‘) C (Supp(a)) (the subgroup of G generated by 
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Supp(cu)), if follows that K[G] satisfies (U) iff K[H] satisfies (U) for each finitely 
generated subgroup H of G. 
Proposition 1. Let K be afield of characteristic zero and G a group such that K[G] 
satisfies (U). Then K[G] is semisimpk. 
Proof. Let T be an indeterminate. By Amitsur [3, p. 2831 we know that 
J(K(T)[GI) = V% so it suffices to prove that an element x of JK[ G] must be in 
Let y E K( T)[G]; ‘t 1 remains to show 1 - xy is a unit of K( T)[ G]. Let 
X = Supp(1 - xy) C G and let Y(X) C G be a finite set with the property that 
each unit of K[ G] with support in X has inverse with support in Y(X). Note that 
for all but finitely many t E K we have a well-defined element y(t) E K[ G] 
obtained by evaluating the coefficients of y at T = t. Moreover, Supp(l - xy(t)) c 
X, and therefore 1 - xy(t) has an inverse in K[G] with support in Y(X). 
We claim that 1 - xy has in inverse in K(T)[G] with support in Y(X). This 
amounts to the solvability in K(T) of a certain system of linear equations with 
coefficients in K(T). (These coefficients come from x and y.) That this system is 
indeed solvable is because it is solvable when T is replaced by any t E K (with the 
exception of those t for which y(t) is not well defined). 
Here we have used the following general lemma: 
Lemma. Let A(T) be an m x n matrix with entries from K(T) and let B be an 
m x 1 column vector with entries from K. Let X be an II X 1 column vector of 
indeterminates. Suppose that for infinitely many t E K the system of linear equa- 
tions A(t) * X = B is solvable in K. Then the system A(T) ’ X = B is solvable in 
K(T). 
Proof. This is clear if we formulate solvability in terms of the minors of the matrix 
A(T) and of the augmented matrix (A(T) B). 0 
Remark. An alternate proof of Proposition 1 can be given and is based on an idea 
of Amitsur [3, p. 2721, which was used to study the Jacobson radical of algebras 
over nondenumerable fields. Briefly the idea is as follows. 
Let K[ G] be a group ring over a field of characteristic zero, and suppose K[ G] 
has property (U). Let LY E JK[G]. Then for all 0 # 5 E K, ( [ - (Y) is a unit of 
K[ G], and moreover all such elements have support contained in some finite set 
XC G. Because of (U) there is a finite set Y(X) C G containing all the supports 
of ({-a)-‘, O#~EK. 
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Choosing IZ = #Y(X) + 1 distinct nonzero field elements 5,) . . . , J, we see that 
the elements (I, - a)-‘, . . . , (5;, - a)-’ are K-linearly dependent, and therefore 
satisfy a nontrivial K-linear relation, c,( 5, - (~)-r + . . . + cn( f;, - (~)-l = 0 . 
Multiplying through by the product (& - cy) . . . (I& - (Y) we find that (Y satisfies 
a nontrivial polynomial with coefficients in K. A further argument then shows that 
(Y is nilpotent, and hence JK[G] . 1s a nil ideal. However it is known that K[G] 
contains no nontrivial nil ideal (cf. [3, p. 471). Thus a = 0 as desired. 
2. Examples 
It is obvious that if G is a finite group (or more generally, a locally finite 
group), then K[G] has property (U). It is also clear that if K[G] has only trivial 
units-those of the form Ag, 0 # A E K, g E G-then K[G] has property (U). A 
little bit more work is needed to obtain 
Proposition 2. Zf char(K) = 0 and G is abelian, then K[G] satisfies (U). 
Proof. By the remark in Section 1 we reduce to the case that G is finitely 
generated abelian. By the fundamental theorem for such groups we have G = 
A x B with A finite abelian and B torsion-free abelian. By passing to the algebraic 
closure of K we may assume K is algebraically closed. Then K[A] = K x . . . x K 
(product of #A copies of K) by the semisimplicity of K[A]. So we obtain 
K-algebra isomorphisms K[ G] = K[A X B] = (K[A])[ B] = K[B] X . . . X K[ B]. 
An element (xi, . . , xn) of K[ B] x . . . x K[B] is a unit of the ring if and only if 
each xi is of the form A,gj with 0 # Aj E K, gi E B. In this case its inverse is 
(h,‘g;‘, . . . , A,‘g,‘). 
The desired result now follows easily by making the isomorphisms explicit. 0 
3. Ultraproducts and related properties 
Let D be a nonprincipal ultrafilter on N and let * denote the associated 
ultrapower functor. Let K be a field and G a group. 
Then we have the natural inclusions 
K[GJ % K*[G] L, K*[G*] % (K[G])* . 
(The composition K[G] w (K[G])* is the diagonal map.) 
From the properties of ultraproducts, cf. [l] or [2], we obtain immediately the 
following equivalence: 
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K[G] has property (U) a Each element of K*[G] which is a 
unit in (K[G])* is a unit in K*[G]. 
Note. This is how we discovered condition (U). 
The following property seems at first to be weaker than (U): 
For each finite set XC G there is k(X) E N such that for 
W) each unit (Y E K[G]: 
Supp(cy) c X 3 #(Supp(cy -‘)) 5 k(X). 
Again, from the properties of ultraproducts we obtain the following equivalence: 
K[G] has property (U-) e Each element of K*[G] which is a 
unit in (K[G])* is a unit in K*[G*]. 
It turns out that (U) and (U-) are equivalent, and the simplest proof uses the 
ultrapower formulations of (U) and (I_-). 
Proposition 3. K[G] satisfies (U) if and only if K[G] satisfies (U-). 
Proof. (U) implies (U-) is obvious. Therefore suppose K[G] satisfies (U-). We 
note first that the map u: K*[G*]-+ K*[G] given by u(c,,,. r,g) = c,,, rgg, is 
a K*[G]-module morphism, and is the identity on K*[G]. 
Let (Y E K*[G] be a unit in K[G]*. By property (U-), it follows that a@ = 1 for 
some /3 E K*[G*]. Applying u we get a!. u(p) = 1; so (Y is a unit of K*[G]. 0 
Finally we consider the following condition: 
(U’) 
For each m E N there is k(m) E N such that for each unit 
CY E K[G] 
#(SUPP(~) 5 m 3 #(Supp(cy-‘)) 5 k(m). 
Condition (U’) is much stronger than (U), and is not always satisfied even if (U) 
holds. For example let G be an abelian group which has for each odd prime p an 
element gP of order p. Then Q[G] does not satisfy (U’): The element (1 + g,) 
has inverse f - 1 g, + * . * + 1 gi-‘. 
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